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LET P, be r-dimensional real projective space and E,, Euclidean n-space. By an immersion 
of P, in E,, we will mean a C”map P, -+ E, whose differential is everywhere of rank r. Given 
r, what is the smallest integer n such that P, can be immersed in E,? As a partial answer 
to this question we obtain the following 
THEOREM. Let r > 7. 
(a) If r z 7 (mod 8), P, is immersible in Ezr- 7 ; 
(b) if r E 3 (mod S), P, is immersible in E2r-3. 
Of course, since P, C P,+l, this implies that for Y = 6 (mod S), P, is immersible in E,,_ 5 ; 
and for r 3 5 (mod S), P, is immersible in E2r-3. 
A bilinear function 1. : E, x E, + E, will be called non-singular if I.(x,y) = 0 implies 
either x = 0 or y = 0. We shall always assume r > 8 so that n > r. 
LEMMA (1). If there exists a non-singular bilinearjiunction 1 : E, x E, --f E,, then P,_l is 
immersible in E,, _ 1. 
Prooj Let L be the canonical line bundle over P,_l and S,_, x z E, the space obtained 
from S,_, x E, by identifying (XJJ) with (-x, -r). Here S,_, means the unit sphere in E,. 
Let 7 be the tangent bundle of P,_l and Ok the trivial bundle of dimension k over P,_l. 
Then it is known [3] that 
S,_, x2 E, = rL = 7 @ 0’, 
where Q denotes the Whitney sum of bundles and rL = L 0 . . . 0 L r times. Since 1 is 
bilinear, it induces a map 2 : rL + E,, which is linear and non-singular on each fiber. Let 
71 : rL + P,_l be the bundle projection. Then the map p, defined by ,u(a) = (n(a), X(a)) 
is a monomorphism of the bundle rL into P,_, x E,; thus, constructing the exact sequence 
of bundles [3], where y has E,,_, as fiber, 
0 -+ rL --) P,_, x E,, + y + 0, 
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we see that 0” = rL @ y = T @ 7 @ 0’. Hence y @ o”, for some large iv, is equivalent to 
the normal bundle of some embedding of P,_, in E.V+,_l. Since 7 @ ON has a field of 
N-frames and n - r > 0, we may apply a theorem of Hirsch [2] and infer that Pr_, is 
immersible in E,_I. 
The remainder of the proof of the theorem is entirely algebraic. Let C,,, = 
n!/[k!(n - k)!]; let g(n) equal the number of ones in the dyadic expansion of n. If n = ~ni2i, 
with ni = 0 or 1, then a(n) = Zni. 
Now let li = CIii2’. We will say that k ‘fits’ n if ki = 1 implies ni = 1. The following 
lemma is well known: 
LEMMA (2). C,,, is odd ifand only ifkjits n. 
Proof. Since n! = 2”-‘(“)0(n), where o(n) is odd, we see that C,,, = 2”(k)+a(“-k)-Z(n) 
(an odd number). Hence C,,k is odd o cc(k) + cc(n - k) - a(n) = 0 ok fits n. 
On writing up this paper the author discovered that the following lemma is due to 
Behrend [l]. Let k, be the residue, modulo 8, of k; then k = 8q + k, with 0 5 k, < 8. 
LEMMA (3): Suppose thatfor each k satisfying n - r < k < r, C,,,ks is even. Then there 
exists a non-singular bilinear function 1 : E, x E, + E,,. 
Proof. Pick linear forms Xi : E, + El and Yi : E, + El, i = 1, 2, . . . , n, such that any 
r of the Xi and any r of the Yi are linearly independent. 
Divide the set of integers between 1 and n into mutually disjoint subsets M,, each 
M, containing either 1, 2, 4, or 8 successive integers. We choose the M, so that only three 
of them, M,,, M,, and M, have less than 8 elements, and these each have n,, n,2, and n24 
elements, where n = Cn,2’. Let mi : Ei x Ei + Ei, for i = 1, 2, 4, or 8, denote the usual 
multiplications on these spaces. Let Ad : E, x E, + Ei be defined by 
Aa(x,Y) = mi(xj,(x)3 ... 9 xj,(x> ; yj,(Y), * * * 9 YjiQ) 2 
where (jr, . . . , ji) = M,. Finally, define A : E, x Er + E. by taking the direct product 
1 = II&. I is clearly bilinear. 
Suppose %(x,y) = 0. Then each A,(x,y) = 0 and either all Xii(x) = 0 or all Yj,b) = 0 
for j&4,. Let A (resp. B) be the total number of the X,(x) (resp. Y,Q) which vanish in 
this way, that is in blocks of 1, 2, 4, or 8 according to the size of M,. Then A + B 2 n. 
By construction, A = eDnO + I 1 e n 2 + e,n,4 + 8 + . . . + 8, where ei = 0 or 1, and 
there may be no 8’s at all. Thus A, fits n. By Lemma (2), Cn,As is odd, so that n - r < A < r 
is impossible. Hence A r r, or A < n - r and B 2 r. In the first case, any r Xi which 
vanish on x are linearly independent, so x = 0; in the second case, any r Yi being independent 
imply y = 0, and the Lemma is proven. 
Proof of the theorem. It is entirely elementary to check that 
(a) for r = 0 (mod 8), Cn,ks is even for r - 8 < k < r; 
(b) for r = 4 (mod S), C”,kB is even for r - 4 < k < r. 
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Applying Lemmas (3) and (1) then proves the theorem. 
Remark. It is interesting to note (and easy to prove) that if P,_, is immersible in 
E,,_1, then C,*, is even for all n - r < k < r. 
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